R, that is, we have a ring homomorphism R End(A) :r [r] A. If L is nondegenerate, then the corresponding polarization qL" A --A (where A is the dual abelian variety to A) defines the Rosati involution on End(A)(R) (see [5] ).
Assume that this involution is compatible with some involution e on R. Let R + c R be the subring of e-invariant elements. Then for every r R+, the homomorphism L o [r] A" A-, .i s self-dual; hence, one can ask whether it comes from some "natural" line bundle L(r) on A. The word "natural" should mean in particular that the map r -L(r) from R + to the group of symmetric line bundles on A is a homomorphism, resembling the usual homomorphism n -L". By analogy with the above isomorphism, we would like to impose the following condition on such a homomorphism
[r]*AL(ro L(e(r)ror) for any r R, r0 R+. We call such data a ER,-structure (since a suitable generalization of this notion to group schemes with complex multiplication is a refinement of the notion of E-structure defined by L. Breen in [2] ).
In the first part of the paper we describe an obstruction to the existence of a ER,,-structure for a given polarization of A. It turns out that when R is commutative, one can prove the existence of a ER,,-structure, assuming that R is unramified at all e-stable places above 2 (in noncommutative cases, one also needs some additional assumptions at archimedian places). In the case of an elliptic curve E with its standard principal polarization and R End(E) this result is sharp: a ER,-structure exists if and only if R is unramified at 2. In the case of commutative real multiplication, one needs only that R is normal above 2 to ensure the existence of a ER,-structure.
In the second part of the paper, we establish an analogue of generalized Riemann's theta relations (see, e.g., [6] ) for theta functions with complex multiplication. Instead of an integer-valued matrix B such that B t. B n. Id, where n e Z>0, our identity uses a matrix A with elements in R (where the abelian variety in question has a complex multiplication by R) such that B e. B n. Id, where B is obtained by applying e to all entries of B t. The existence of a ER,-structure is reflected in the simplification of the expression for thetacharacteristics in the right-hand side of this identity (see (2.3.6) ).
In [7] we interpret the notion of a symmetric cube structure (E-structure in the terminology of [2] ) as a monoidal functor from the category of integer-valued symmetric forms to the category of abelian varieties equipped with line bundles.
The notion of Eg,,-structure arises when one tries to find a similar picture in the case of complex multiplication. In the present paper we show (Theorem 1.3.2) that a Eg,,-structure indeed leads to a monoidal functor from the category of e-hermitian, projective R-modules. The results of Section 1.5 on the existence of ER,e-structure and the simplest example of theta-identity with complex multiplication can also be found in [7] .
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1. Line bundles on abelian varieties with complex multiplication 1.1. Basic operations on abelian varieties with complex multiplication. Let R be a ring and A be an abelian variety with complex multiplication by R; that is, a homomorphism R End(A) is given. For an element r R we denote by the corresponding endomorphism of A.
Given a finitely generated, projective right R-module P, one can define the tensor product P )g A (which is an abelian variety) based on the property Hom(P (R)R A,A') HomR(P, Hom(A,A')) (1.1.1) for any abelian variety A', where the left R-action on A induces the right Raction on Hom(A, A'). Notice that when the ring R is commutative, there is a natural R-action on the tensor product P (R)R A defined above. In particular, when R is commutative, tensoring with rank-1 projective R-modules P gives the well-known action of the group Pic(R) on the set of abelian varieties with complex multiplication by R.
Similarly An example of an (R, e)-biextension is the canonical biextension of Jac(C) 2 for a curve C with automorphisms. Namely, let R E[Aut(C)] be the group ring of the group Aut(C) and e: R --R be the involution such that e(9) 9 -1 for 9 Am(C). Then for line bundles L 1, L2 on C, and for an automorphism 9 of C, we have a natural isomorphism (g*L1,L2)-(LI,(g-1)*L2), where (., .) denotes the symbol defined in [3] . -R to biextensions of (P1 @gop A1) x (P2 )g A2). The original biextension is obtained as .(bl) for P1 R as a left R-module, and for P2 R as a right R-module, bl(rl,r2) rlr2. One can easily see that 9(bl + b2) (bl) (g) 9(b2).
(1.2.1) Also if fl"P1-P and P2-P are morphisms of R-modules and b"P P R is a sesquilinear form, then b-(fl, f2)*b"P1 P2 R is sesquilinear and 9(b) _ (fl (R)R A f2 (R)R A)*9(b'). For example, for every r e R we have a morphism of right R-modules /(r) :R R:r'-+ rr'. Then the pull-back of the form bl by (id, l(r) 
which corresponds to a symmetric morphism bM A--+ . Now assume that A(M) is an (R, e)-biextension. Then for every finitely generated, projective right R-module P and a sesquilinear form b" P P -R, the construction of the previous section gives a biextension (b) of (P ()R A)2-It is easy to see that this biextension is symmetric provided that b is a hermitian form; that is, b, in addition to being sesquilinear, satisfies the identity b(y,x) e(b(x, y)). We are going to study the following question: When for every hermitian form b can one
, and if (P,b)-(Pl,bl) (P2, b2) is a direct sum in the category of hermitian modules, then L(b) is the external tensor product of L(bl) and L(b2). To see what this means, note that for any r6R+= {rl R e(rl) rl}, we have the hermitian form hr on R defined by hr(1, 1) r; that is, hr(x, y) e(x)ry. Thus, we should have the set of line bundles L(r) on A corresponding to the forms hr. The "naturality" imposes certain restrictions on L(r), which are described in the following definition. (1.3.2) for any r R, ro R+. 
and for every pair of elements X1, X2 P, one has 
where N(r) e(r)r e .S ince the divisor ralent to the following equality in E:
l(p) c E is symmetric, this is equiv-Z x-N(r)p.
(
Note that N(r)= deg(r)= Iker(rl2)lmod (2 Proof. We have seen that the condition () 0 is necessary for existence of a ZR,-structure for .A lso, such a structure gives a splitting ro -(L(ro),ro) of the extension (1.5.1), which induces an R/2R-linear splitting of (1.5.2) . Since all the steps in the argument are invertible, the "if" part follows easily. [2] Remark. Notice that in the case of the standard polarization b0 of an elliptic curve the homomorphism (b0) can be nontrivial. Indeed, the triviality of this homomorphism is equivalent to the triviality of the line bundle (9(Er-1 Er e) for any r R-where we denote Er--r-l(e). In the case of characteristic zero, this is equivalent to the following identity for the group law on E:
(r-1)x=0 rx=O for any r R-. One can see easily that this can happen only when both sides are zero. In particular, if ker(rle2) has order 2, but ker((r-1)[E2 =0, then (b0) 4: 0. For example, this is so when R contains r x/-Z2, which acts nontrivially on E2.
Let R be an order in a finite-dimensional division algebra D over , and let e be an involution of R, such that the corresponding involution of D is positive, that is, TrD/(e(x)x)> 0 for any x D*. Let K be the center of D, so that o R c K is an order in K. Recall (see, e.g., [5] [-]
Proof of Theorem 1.5.3 . The first step is to show that under the assumptions of the theorem R-tr-(R), so that () 0. Since 2R-c tr-(R), it is sufficient to check the inclusion R-/2R-ctr(R)/2R + of subgroups in R/2R. Let (2) the involution e on D, we have e(x) ax*a -1 for some a e D* such that a* -a (see [5] ). It follows that for the induced involution of the tai-adic completion /i M2(/i), we have e(x) ax*a -1 uxtu-1. Note that x* sxts-1, where s _ 0 1 )', hence, u is proportional to as, and the condition a* -a rewritten as (as) as implies that u u. Therefore, if e(x) -x for some x [i, then x y-e(y) for y i, which implies the required inclusion ri tr(R)/2R +. By Proposition 1.5.2 it remains to show that the extension of R/2R-modules (1.5.2) splits. When elD is trivial, this is a consequence of the semisimplicity of R/2R. Otherwise, the argument above shows that R+/tr(R) O.
If e id and R o, we can improve the above theorem as follows. (H, L,,) is identified with the space of global sections of the line bundle (H,z) on the complex abelian variety V/L (see, e.g., [5] ), and the action of G(H,L,z) on it can be defined in purely algebraic terms. 
Now the operator U (1,) [2]
Remarks. (1) When one has an isotropic decomposition L-L1 L2 such that UrL= L2 and Z-Zo(L1,L2) the function 0 z n,L,t: we defined coincides with the function 0 defined in [1, Ch. 3, 2.3] .
(2) If L L+/-, then for given H and Z, an isotropic subspace U as above exists if and only if the line bundle (H,z) on V/L is even (see [6] OZ,c,v,(v) 
